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Abstract
In this paper, the design of switching rule for exponential stability of a class
of uncertain switched systems with delays is studied. The systems to be con-
sidered are linear and the state delays are time-varying. Based on Lyapunov
functional and average dwell time approach, condition on the derivative of
time-delay functions are not need to design switching rule for the exponential
stability of switched systems with time-varying delays. The delay-dependent
stability conditions are presented in terms of LMIs which can be solved easily
by various available algorithms. The effectiveness of the proposed method is
demonstrated by a simulation example.
Keywords: Exponential stability, Uncertain switched systems, Interval time-
varying delays
1Corresponding author
5026 T. La-inchua and P. Niamsup
1 Introduction
During the past few decades, switched systems have been widely studied, [7], [11],
[21-22], and reference cited therein. The switched systems are a special class of
hybrid system which consist of a family of a differential or difference equations
and a switching rule to indicate which subsystem will be activated at a specific
interval of time. The motivation to study switched systems is mainly in twofold.
Firstly, applications of switched systems may be found in engineering systems, such
as automatic systems in air plane, car energy system, traffic system and machine
industrial system, see [2-3]. Secondly, in certain situations, switching controller
provides more desirable than a single controller, see [18]. The challenge to focus on
the stability of switched systems lies in the fact that even if the individual systems are
stable, the switched systems with some switching rules might be unstable, see [10].
Especially switched systems consisting of a family of stable and unstable subsystems
can easily become unstable, see [1]. As the result, it is obviously important to study
stability of switched systems.
Time-delay systems have been received considerable attention over the past
decades. The main reason that the real processes in our world always involve
time-delay systems, that is the present state depends on the past states which
is the main sources of instability and less capable performance of the systems,
see [4], [6], [17], [19], [21]. Therefore, it is significant to pay attention on time-delay
systems.
Most of the results of switched systems are paid attention on analysis and design
of the stability, see [10], [12-13], [14], [16]. In [8-9], [15], switched systems with time-
varying delay were studied by using the common Lyapunov functional approach.
The following restriction on the derivative of the delay is made, namely ḋ(t) ≤ D or
ḋ(t) ≤ D < 1. This restriction can lead to conservativeness, for example, it might
not be used when the delay is non-differentiable or a fast time varying function. How-
ever, In [20], switched systems with multiple constant delays were established and
obtained the delays dependent stability conditions. Most study mentioned above,
some free weighting matrix variables are usually introduced. Based on Lyapunov
stability theory, as well as Newton-Leibniz formula and average dwell time approach
are used to obtain flexible and efficient stability condition of switched systems.
In this paper, we study the problem of exponential stability for a class of switched
systems with switching multiple time-varying delays and consist of a family of stable
and unstable subsystems. Compared with existing results in the literature, the
novelty of our results is twofold. Firstly, the state delays are time-varying in which
the restriction on the derivative of the time-delay functions are not required and the
free weighting matrix variables are not need for the robust stability of the systems.
Secondly, the obtained conditions for the exponential stability are delay-dependent
and formulated in terms of the solution of standard LMIs which can be solved
by various available algorithms, [5]. The paper is organized as follows. Section 2
Exponential stability of uncertain switched system 5027
presents notations, definitions and auxiliary propositions required for the proof of
the main results. Switching design for the exponential stability of the system with
illustrative examples are presented in Section 3 and 4, respectively. The paper ends
with the conclusion followed by cited references.
2 Preliminary Notes / Materials and Methods
Throughout this paper, the following notations will be used.
R
n − the n dimensional Euclidean space;
R
n×n − the set of all n × n real matrices;
N − the set of all positive integers;
‖x‖ − the Euclidean norm of vector x ∈ Rn;
diag{·} − the block diagonal matrix;
I − the identity matrix;
AT − the transpose of matrix A;




− ∗ represents the symmetric form of matrix, namely ∗ = BT ;
‖A‖ = sup{‖Ax‖ : x ∈ Rn , ‖x‖ = 1} for anyA ∈ Rn×m;
Ch − Space of continuous vector-valued function defined on[−h, 0];
xt = x(t + θ),−h ≤ θ ≤ 0, where xt ∈ Ch;
‖xt‖ch = sup−h≤θ≤0 ‖x(t + θ)‖;
λmax(A) = max{Re(λ) : λ is eigenvalue of A};
λmin(A) = min{Re(λ) : λ is eigenvalue of A};
M = {1, 2, . . . , N}; Mu = {1, 2, . . . , r}; Ms = {r + 1, r + 2, . . . , N}.
Consider the following uncertain switched system with time varying delay
ẋ(t) = (Aσ(t) + ΔAσ(t)(t))x(t) + (D1,σ(t) + ΔD1,σ(t)(t))x(t − hσ(t)(t))
+(D2,σ(t) + ΔD2,σ(t)(t))x(t − τσ(t)(t)), t > 0,
x(t) = φ(t), t ∈ [−h, 0], (1)
where x(t) = [x1(t), x2(t), . . . , xn(t)]
T ∈ Rn is the state vector. Ai, D1,i, D2,i, i ∈ M
are known constant matrices, ΔAi, ΔD1,i, ΔD2,i are uncertainty matrices which are
of the form
ΔAi = E1,iF1,i(t)H1,i, ΔD1,i = E2,iF2,i(t)H2,i, ΔD2,i = E3,iF3,i(t)H3,i, F
T
j,i(t)Fj,i(t) ≤ I,
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j = 1, 2, 3, where F1,i(t), F2,i(t), F3,i(t) are unknown matrices, I is the identity matrix
of appropriate dimension; hi(t) and τi(t) are the delay functions for an i
th subsystem
which satisfy the following conditions
0 ≤ h1 ≤ h1,i ≤ hi(t) ≤ h2,i ≤ h2, (2)
0 ≤ τ1 ≤ τ1,i ≤ τi(t) ≤ τ2,i ≤ τ2. (3)
Let h = max{h2, τ2} and let φ(t) be an initial condition. σ(t) : R+ ∪ {0} → M , t ∈
[tk, tk+1), k ∈ N, σ(t) is called the switching signal, we have the switching sequence
{xt0 ; (i0, t0), ...|ik ∈ M, k = 0, 1, 2, ...}, which means that when t ∈ [tk, tk+1), the ithk
subsystem is activated.
Let Mu and Ms be respectively the set of indices of the unstable and stable modes.
Definition 2.1. The systems (2.1) is said to be exponentially stable under σ(t),
if the solution x(t) to systems (2.1) satisfies
‖x(t)‖ ≤ κ‖xt0‖cheλ(t−t0), ∀t ≥ t0,
for constant κ ≥ 1 and λ > 0.
Lemma 2.2. (Schur Complement Lemma) Given constant symmetric matrices
Q, S





< 0 ⇔ Q + SR−1ST < 0.
Lemma 2.3. ([8]) Given ε > 0 and matrices D, E and F with F TF ≤ I, we
have
DEF + ET F TDT ≤ εDDT + ε−1ET E.
Lemma 2.4. ([8]) Given a positive definite matrix P ∈ Rn×n, any symmetric
matrix Q ∈ Rn×n and x ∈ Rn, then
λmin(P
−1Q)xT Px ≤ xT Qx ≤ λmax(P−1Q)xT Px.
Lemma 2.5. ([8]) For any positive semidefinite matrix M ∈ Rn×n, a scalar
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Lemma 2.6. (Cauchy inequality) For any symmetric positive definite matrix
N ∈ Mm×m and x, y ∈ Rn we have
±2xT y ≤ xT Nx + yTN−1y.
For simplicity of later presentation, we give the following notations.
N(t) denotes the switching number of the whole systems during (t0, t);
l(t) denotes the switching number of the unstable subsystems during (t0, t);
Σs11,i = 0.5Pi[Ai + αI]













2,i)R1,i + (h2,i − h1,i)2U1,i − P1,i;
Σs25,i = D1,iP1,i;
Σs33,i = −e−αh1,iQ1,i − e−αh1,iR1,i − e−αh2,iU1,i;
Σs35,i = e
−αh2,iU1,i;
Σs44,i = −e−αh1,iQ1,i − e−αh1,iR1,i − e−αh2,iU1,i;
Σs45,i = −e−αh2,iU1,i;
Σs55,i = −2e−αh2,iU1,i;
Γs11,i = P2,i[Ai + αI]













2,i)R2,i + (τ2,i − τ1,i)2U2,i − 2P2,i;
Γs25,i = D2,iP2,i;
Γs33,i = −e−ατ1,iQ2,i − e−ατ1,iR2,i − e−ατ2,iU2,i;
Γs35,i = e
−ατ2,iU2,i;
Γs44,i = −e−ατ1,iQ2,i − eατ1,iR2,i − eατ2,iU2,i;
Γs45,i = −e−ατ2,iU2,i;
Γs55,i = −2e−ατ2,iU2,i;













2,i)R1,i + (h2,i − h1,i)2U1,i − P1,i;
Σu25,i = D1,iP1,i;
Σu33,i = −eβh1,iQ1,i − eβh1,iR1,i − eβh2,iU1,i;
Σu35,i = e
βh2,iU1,i;
Σu44,i = −eβh1,iQ1,i − eβh1,iR1,i − eβh2,iU1,i;
Σu45,i = −eβh2,iU1,i;
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Σu55,i = −2eβh2,iU1,i;













2,i)R2,i + (τ2,i − τ1,i)2U2,i − 2P2,i;
Γu25,i = D2,iP2,i;
Γu33,i = −eβτ1,iQ2,i − eβτ1,iR2,i − eβτ2,iU2,i;
Γu35,i = e
βτ2,iU2,i;










{λmax (P−11,i )} + 2h2,i max
i∈M
{λmax (P−11,i Q1,iP−11,i )}
+(h2,i − h1,i)2 max
i∈M





{λmax (P−12,i Q2,iP−12,i )} + (τ2,i − τ1,i)2 max
i∈M




Σs11,i Σs12,i Σs13,i Σs14,i Σs15,i
∗ Σs22,i 0 0 Σs25,i
∗ ∗ Σs33,i 0 Σs35,i
∗ ∗ ∗ Σs44,i Σs45,i






Γs11,i Γs12,i Γs13,i Γs14,i Γs15,i
∗ Γs22,i 0 0 Γs25,i
∗ ∗ Γ33,i 0 Γs35,i
∗ ∗ ∗ Γs44,i Γs45,i






Σu11,i Σu12,i Σu13,i Σu14,i Σu15,i
∗ Σu22,i 0 0 Σu25,i
∗ ∗ Σu33,i 0 Σu35,i
∗ ∗ ∗ Σu44,i Σu45,i






Γu11,i Γu12,i Γu13,i Γu14,i Γu15,i
∗ Γu22,i 0 0 Γu25,i
∗ ∗ Γu33,i 0 Γu35,i
∗ ∗ ∗ Γu44,i Γu45,i
∗ ∗ ∗ ∗ Γu55,i
⎤
⎥⎥⎥⎥⎦ .
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3 Results and Discussion
3.1 Exponential stability for nominal switched systems with multiple interval time-
varying delays.
The nominal switched systems is given by
ẋ(t) = Aσ(t)x(t) + D1,σ(t)x(t − hσ(t)(t)) + D2,σ(t)x(t − τσ(t)(t)), t > 0
x(t) = φ(t),∈ [−h, 0], (4)
We now state the main result on sufficient condition for exponential stability of
switched systems (3.1).
Theorem 3.1. Let α > 0 and β > 0 be the decay rate of the stable modes and the
growth rate of the unstable modes, respectively. If there exists symmetric positive
definite matrices Pi, Q1,i, Q2,i, R1,i, R2,i, U1,i, U2,i such that the following conditions
hold:
A1 − i. For i ∈ Ms
Ωs1,i = Ωsi − [0 0 0 − I I]T × e−αh2,iU1,i[0 0 0 − I I] < 0, (5)
Ωs2,i = Ωsi − [0 0 I 0 − I]T × e−αh2,iU1,i[0 0 I 0 − I] < 0, (6)
Φs1,i = Φsi − [0 0 0 − I I]T × e−ατ2,iU2,i[0 0 0 − I I] < 0, (7)
Φs2,i = Φsi − [0 0 I 0 − I]T × e−ατ2,iU2,i[0 0 I 0 − I] < 0, (8)
A1 − ii. For i ∈ Mu
Ωu1,i = Ωui − [0 0 0 − I I]T × eβh2,iU1,i[0 0 0 − I I] < 0, (9)
Ωu2,i = Ωui − [0 0 I 0 − I]T × eβh2,iU1,i[0 0 I 0 − I] < 0, (10)
Φu1,i = Φui − [0 0 0 − I I]T × eβτ2,iU2,i[0 0 0 − I I] < 0, (11)
Φu2,i = Φui − [0 0 I 0 − I]T × eβτ2,iU2,i[0 0 I 0 − I] < 0, (12)
A2. For μ ≥ 1,
Pi ≤ μPj, Qr,i ≤ μQr,j, Rr,i ≤ μRr,j, Ur,i ≤ μUr,j, r = 1, 2, ∀i, j ∈ M. (13)
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A3. Let T+(t0, t), T
−(t0, t) denote the total activation times of the unstable and stable










where α∗ ∈ (0, α); furthermore, there exists 0 < ν < α∗ such that
(i) for i ∈ Ms
ln μ + αh − ν(tk − tk−1) ≤ 0, k = r + 1, r + 2, ..., N. (15)
(ii) for i ∈ Mu
ln μ − ν(tk − tk−1) ≤ 0, k = 1, 2, ..., r. (16)
Then switched systems (3.1) is exponentially stable. Moreover, the solution x(t) of








(α∗−ν)(t−t0), t ≥ t0.
Proof. Let Yi = P
−1
i , y(t) = Yix(t). For i ∈ Ms, we choose the Lyapunov-Krasovskii
functional candidates as

























































It’s easy to see that
λ1‖x(t)‖2 ≤ Vi(xt) ≤ λ2‖xt‖2. (18)






i + AiPi]y(t) + 2y
T (t)D1,iPiy(t − hi(t))
+2yT (t)D2,iPiy(t − τi(t)), (19)
V̇2,i(xt) = y
T (t)Q1,iy(t) − e−αh1,iyT (t − h1,i)Q1,iy(t − h1) − αV2,i, (20)
V̇3,i(xt) = y
T (t)Q1,iy(t) − e−αh2,iyT (t − h2,i)Q1,iy(t − h2) − αV3,i, (21)
V̇4,i(xt) ≤ h21,iẏT (t)R1,iẏ(t) − h1e−αh1,i
∫ t
t−h1,i
ẏT (s)R1,iẏ(s)ds − αV4,i, (22)
V̇5,i(xt) ≤ h22,iẏT (t)R1,iẏ(t) − h2,ie−αh2,i
∫ t
t−h2,i
ẏT (s)R1,iẏ(s)ds − αV5,i, (23)






T (t)Q2,iy(t) − e−ατ1,iyT (t − τ1,i)Q2,iy(t − τ1,i) − αV7,i, (25)
V̇8,i(xt) = y
T (t)Q2,iy(t) − e−ατ2,iyT (t − τ2,i)Q2,iy(t − τ2,i) − αV8,i, (26)
V̇9,i(xt) ≤ τ 21,iẏT (t)R2,iẏ(t) − τ1,ie−ατ1,i
∫ t
t−τ1,i
ẏT (s)R2,iẏ(s)ds − αV9,i, (27)
V̇10,i(xt) ≤ τ 22,iẏT (t)R2,iẏ(t) − τ2,ie−ατ2,i
∫ t
t−τ2,i
ẏT (s)R2,iẏ(s)ds − αV10,i, (28)
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ẏT (s)R1,iẏ(s)ds ≤ yT (t)(−R1,i)y(t) + 2yT (t)R1,iy(t − h1,i)




ẏT (s)R1,iẏ(s)ds ≤ yT (t)(−R1,i)y(t) + 2yT (t)R1,iy(t − h2,i)




ẏT (s)R2,iẏ(s)ds ≤ yT (t)(−R2,i)y(t) + 2yT (t)R2,iy(t − τ1,i)





ẏT (s)R2,iẏ(s)ds ≤ yT (t)(−R2,i)y(t) + 2yT (t)R2,iy(t − τ2)
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≤ −[y(t − τ1,i) − y(t − τi(t))]T U2,i[y(t − τ1,i) − y(t − τi(t))]. (37)
Let βh =
h2,i−hi(t)
h2,i−h1,i ≤ 1, βτ =
τ2,i−τi(t)




ẏT (s)Uiẏ(s)ds = −βh
∫ t−h1,i
t−hi(t)




(hi(t) − h1,i)ẏT (s)U1,iẏ(s)ds
≤ −βh[y(t − h1,i) − y(t − hi(t))]T U1,i
×[y(t − h1,i) − y(t − hi(t))], (38)




ẏT (s)U1,iẏ(s)ds = −(1 − βh)
∫ t−hi(t)
t−h2,i
(h2,i − h1,i)ẏT (s)U1,iẏ(s)ds
≤ −(1 − βh)
∫ t−hi(t)
t−h2,i
(h2,i − hi(t))ẏT (s)U1,iẏ(s)ds
≤ −(1 − βh)[y(t − hi(t)) − y(t − h2,i)]T U1,i




ẏT (s)U2,iẏ(s)ds = −βτ
∫ t−τ1
t−τi(t)




(τi(t) − τ1,i)ẏT (s)U2,iẏ(s)ds
≤ −βτ [y(t − τ1,i) − y(t − τi(t))]T U2,i





ẏT (s)U2,iẏ(s)ds = −(1 − βτ )
∫ t−τi(t)
t−τ2,i
(τ2,i − τ1,i)ẏT (s)U2,iẏ(s)ds
≤ −(1 − βτ )
∫ t−τi(t)
t−τ2,i
(τ2,i − τi(t))ẏT (s)U2,iẏ(s)ds
≤ −(1 − βτ )[y(t − τi(t)) − y(t − τ2,i)]T U2,i
×[y(t − τi(t)) − y(t − τ2,i)]. (41)





≤ [y(t − hi(t)) − y(t − h2,i)]T (−U1,i)[y(t − hi(t)) − y(t − h2,i)]
+[y(t − hi(t)) − y(t − h2,i)]T (−U1,i)[y(t − hi(t)) − y(t − h2,i)]
−βh[y(t − h1,i) − y(t − hi(t))]T (U1,i)[y(t − h1,i) − y(t − hi(t))]





≤ [y(t − τi(t)) − y(t − τ2,i)]T (−U2,i)[y(t − τi(t)) − y(t − τ2,i)]
+[y(t − τi(t)) − y(t − τ2,i)]T (−U2,i)[y(t − τi(t)) − y(t − τ2,i)]
−βτ [y(t − τ1,i) − y(t − τi(t))]T (U2,i)[y(t − τ1,i) − y(t − τi(t))]
−(1 − βτ )[y(t − τi(t)) − y(t − τ2,i)]T (U2,i)[y(t − τi(t)) − y(t − τ2,i)]. (43)
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Furthermore, from the following zero equation
−Piẏ(t) + AiPiy(t) + D1,iPiy(t − hi(t)) + D2,iPiy(t − τi(t)) = 0,
we obtain
−2ẏTPiẏ(t) + 2ẏTAiPiy(t) + 2ẏTD1,iPiy(t − hi(t)) + 2ẏTD2,iPiy(t − τi(t)) = 0. (44)
Hence, from (3.14),(3.16)-(3.26),(3.39)-(3.41), we get
V̇i(xt) + αVi(xt)
≤ ξTh (t)Ωsiξh(t) − βh[y(t − h1,i) − y(t − hi(t))]T e−αh2,i(U1,i)[y(t − h1,i) − y(t − hi(t))]
−(1 − βh)[y(t − hi(t)) − y(t − h2,i)]T e−αh2,i(U1,i)[y(t − hi(t)) − y(t − h2,i)]
+ξTτ (t)Φsiξτ (t) − βτ [y(t − τ1,i) − y(t − τi(t))]T e−ατ2,i(U2,i)[y(t − τ1,i) − y(t − τi(t))]
−(1 − βτ )[y(t − τi(t)) − y(t − τ2,i)]T e−ατ2,i(U2,i)[y(t − τi(t)) − y(t − τ2,i)]
= ξTh (t)[(1 − βh)Ωs1,i + βhΩs2,i]ξh(t)
+ξTτ (t)[(1 − βτ )Φs1,i + βτΦs2,i]ξτ (t) (45)
where ξTh (t) = [y
T (t) ẏT (t) yT (t − h1,i) yT (t − h2,i) yT (t − hi(t))],
ξTτ (t) = [y
T (t) ẏT (t) yT (t − τ1,i) yT (t − τ2,i) yT (t − τi(t))].
Since 0 ≤ βh ≤ 1, and (1 − βh)Ωs1,i + βhΩs2,i is a convex combination of Ωs1,i and
Ωs2,i, (1 − βh)Ωs1,i + βhΩs2,i < 0 is equivalent to Ωs1,i < 0 and Ωs2,i < 0.
Similarly, we obtain that (1 − βτ )Φs1,i + βτΦs2,i < 0 is equivalent to Φs1,i < 0 and
Φs2,i < 0.
Thus, we have
V̇i(xt) + αVi(xt) ≤ 0. (46)
From (3.43), when t ∈ [tk−1, tk) we get
Vi(xt) = Vσ(t)(xt) ≤ e−α(t−tk−1)Vσ(tk−1)(xtk−1). (47)
For i ∈ Mu, we choose the Lyapunov-Krasovskii functional candidates as

























































By the same previous argument, we obtain that
V̇i(xt) − βVi(xt) ≤ 0. (49)
From (3.46), when t ∈ [tk−1, tk) we get
Vi(xt) = Vσ(t)(xt) ≤ eβ(t−tk−1)Vσ(tk−1)(xtk−1). (50)

















−(t−tN(t)−1), t ≥ t0. (51)








∗(t−t0), t ≥ t0.
By (3.12) and (3.13), we get
Vi(xt) ≤ Vi0(xt0)e−(α∗−ν)(t−t0), t ≥ t0.
Exponential stability of uncertain switched system 5039








(α∗−ν)(t−t0), t ≥ t0.
Therefore, switched systems (3.1) is exponentially stable.
3.2 Robust stability for switched systems with interval time-varying delay.
Theorem 3.2. Let α > 0 and β > 0 be the decay rate of the stable modes and
the growth rate of the unstable modes, respectively. If there exists some positive
numbers εji(j = 1, 2, ..., 6, i ∈ M), some symmetric positive definite matrices Pi, Q1,i,
Q2,i, R1,i, R2,i, U1,i, U2,i such that the following conditions hold:
A1 − i. For i ∈ Ms
Θs1,i = Θsi − [0 0 0 − I I]T × e−αh2,iU1,i[0 0 0 − I I] < 0, (52)


























⎦ < 0, (55)
Ξs1,i = Ξsi − [0 0 0 − I I]T × e−ατ2,iU2,i[0 0 0 − I I] < 0, (56)


























⎦ < 0, (59)
A1 − ii. For i ∈ Mu
Θu1,i = Θui − [0 0 0 − I I]T × eβh2,iU1,i[0 0 0 − I I] < 0, (60)
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⎦ < 0, (63)
Ξu1,i = Ξui − [0 0 0 − I I]T × eβτ2,iU2,i[0 0 0 − I I] < 0, (64)


























⎦ < 0, (67)
A2. For μ ≥ 1,
Pi ≤ μPj, Qr,i ≤ μQr,j, Rr,i ≤ μRr,j, Ur,i ≤ μUr,j, r = 1, 2, ∀i, j ∈ M. (68)
A3. Let T+(t0, t), T
−(t0, t) denote the total activation times of the unstable and stable










where α∗ ∈ (0, α); furthermore, there exists 0 < ν < α∗ such that
(i) for i ∈ Ms
ln μ + αh − ν(tk − tk−1) ≤ 0, k = r + 1, r + 2, ..., N. (70)
(ii) for i ∈ Mu
ln μ − ν(tk − tk−1) ≤ 0, k = 1, 2, ..., r. (71)
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Λs11,i Λs12,i Λs13,i Λs14,i Λs15,i
∗ Λs22,i 0 0 Λs25,i
∗ ∗ Λs33,i 0 Λs35,i
∗ ∗ ∗ Λs44,i Λs45,i






Δs11,i Δs12,i Δs13,i Δs14,i Δs15,i
∗ Δs22,i 0 0 Δs25,i
∗ ∗ Δs33,i 0 Δs35,i
∗ ∗ ∗ Δs44,i Δs45,i






Λu11,i Λu12,i Λu13,i Λu14,i Λu15,i
∗ Λu22,i 0 0 Λu25,i
∗ ∗ Λu33,i 0 Λu35,i
∗ ∗ ∗ Λu44,i Λu45,i






Δu11,i Δu12,i Δu13,i Δu14,i Δu15,i
∗ Δu22,i 0 0 Δu25,i
∗ ∗ Δu33,i 0 Δu35,i
∗ ∗ ∗ Δu44,i Δu45,i
∗ ∗ ∗ ∗ Δu55,i
⎤
⎥⎥⎥⎥⎦ ,
Λs11,i = 0.5Pi[Ai + αI]
T + 0.5[Ai + αI]Pi + 2Q1,i − 0.5(e−αh2,i + e−αh1,i)R1,i
+ ε1
2


















2,i)R1,i + (h2,i − h1,i)2U1,i − 2Pi + ε22 ET1 E1 + ε4ET2 E2;
Λs25,i = D1,iPi;
Λs33,i = −e−αh1,iQ1,i − e−αh1,iR1,i − e−αh2,iU1,i;
Λs35,i = e
−αh2,iU1,i;
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Θs311,i = −0.5(e−αh1,i + e−αh2,i)R1,i;
Θs411,i = −0.5e−αh2,iU1,i;
Δs11,i = 0.5Pi[Ai + αI]
T + 0.5[Ai + αI]Pi + 2Q2,i − 0.5(e−ατ2,i + e−ατ1,i)R2,i
+ ε1
2















2,i)R2,i + (τ2,i − τ1,i)2U2,i − 2Pi + ε22 ET1 E1 + ε6ET3 E3;
Δs25,i = D2,iPi;
Δs33,i = −e−ατ1,iQ2,i − e−ατ1,iR2,i − e−ατ2,iU2,i;
Δs35,i = e
−ατ2,iU2,i;




Ξs311,i = −0.5(e−ατ1,i + e−ατ2,i)R2,i;
Ξs411,i = −0.5e−ατ2,iU2,i;



















2,i)R1,i + (h2,i − h1,i)2U1,i − 2Pi + ε22 ET1 E1 + ε4ET2 E2;
Λu25,i = D1,iPi;
Λu33,i = −eβh1,iQ1,i − eβh1,iR1,i − eβh2,iU1,i;
Λu35,i = e
βh2,iU1,i;




Θu311,i = −0.5(eβh1,i + eβh2,i)R1,i;
Θu411,i = −0.5eβh2,iU1,i;
















2,i)R2,i + (τ2,i − τ1,i)2U2,i − 2Pi + ε22 ET1 E1 + ε6ET3 E3;
Δu25,i = D2,iPi;
Δu33,i = −eβτ1,iQ2,i − e−ατ1,iR2,i − eβτ2,iU2,i;
Δu35,i = e
βτ2,iU, i2,i;
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Ξu311,i = −0.5(eβτ1,i + eβτ2,i)R2,i;
Ξu411,i = −0.5eβτ2,iU2,i.
Proof. By considering Lyapunov-krasovskii functional as in (3.14) and (3.45), we
may proof this Theorem by using a similar argument as in the proof of Theorem
3.1. By replacing Ai, D1,i, D2,i in (3.16) with Ai+E1,iF1,i(t)H1,i, D1,i+E2,iF2,i(t)H2,i,
D2,i + E3,iF3,i(t)H3,i, respectively. From applying Lemma 2.3, we get the following
upper bounds for the uncertain terms of the systems (2.1),
2yT (t)E1,iF1,i(t)H1,iPiy(t) ≤ ε1,iyT (t)ET1,iE1,iy(t) + ε−11,i yT (t)PiHT1,iH1,iPiy(t),
2ẏT (t)E1,iF1,i(t)H1,iPiy(t) ≤ ε2,iẏT (t)ET1,iE1,iẏ(t) + ε−12,i yT (t)PiHT1,iH1,iPiy(t),
2yT (t)E2,iF2,i(t)H2,iPiy(t − hi(t)) ≤ ε3,iyT (t)ET2,iE2,iy(t)
+ε−13,i y
T (t − hi(t))PiHT2,iH2,iPiy(t − hi(t)),
2ẏT (t)E2,iF2,i(t)H2,iPiy(t − hi(t)) ≤ ε4,iẏT (t)ET2,iE2,iẏ(t)
+ε−14,i y
T (t − hi(t))PiHT2,iH2,iPiy(t − hi(t)),
2yT (t)E3,iF3,i(t)H3,iPiy(t − τi(t)) ≤ ε5,iyT (t)ET3,iE3,iy(t)
+ε−15,i y
T (t − τi(t))PiHT3,iH3,iPiy(t − τi(t)),
and
2ẏT (t)E3,iF3,i(t)H3,iPiy(t − τi(t)) ≤ ε6,iẏT (t)ET3,iE3,iẏ(t)
+ε−16,i y
T (t − τi(t))PiHT3,iH3,iPiy(t − τi(t)).
For i ∈ Ms, we obtain
V̇i(xt) ≤ ξTh (t)[(1 − βh)Θs1,i + βhΘs2,i]ξh(t) + yT (t)Θs31,iy(t)
+yT (t − hi(t))Θs41,iy(t − hi(t)) + ξTτ (t)[(1 − βτ )Ξs1,i
+βτΞs2,i]ξτ (t) + y
T (t)Ξs31,iy(t) + y
T (t − τi(t))Ξs41,iy(t − τi(t)).
For i ∈ Mu, we have
V̇i(xt) ≤ ξTh (t)[(1 − βh)Θu1,i + βhΘu2,i]ξh(t) + yT (t)Θu31,iy(t)
+yT (t − hi(t))Θu41,iy(t − hi(t)) + ξTτ (t)[(1 − βτ )Ξu1,i + βτΞu2,i]ξτ (t)
+yT (t)Ξu31,iy(t) + y
T (t − τi(t))Ξu41,iy(t − τi(t)),
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where




































































































































Applying Lemma 2.2, the LMIs Θs31,i < 0, Θs41,i < 0, Θu31,i < 0 and Θu41,i < 0
(Ξs31,i < 0, Ξs41,i < 0, Ξu31,i < 0 and Ξu41,i < 0) are equivalent to Θs3,i < 0, Θs4,i <
0, Θu3,i < 0 and Θu4,i < 0( Ξs3,i < 0, Ξs4,i < 0, Ξu3,i < 0 and Ξu4,i < 0), respectively.
By the same argument as in theorem 3.1, we may conclude that switched system
(2.1) is exponentially stable.
4 Numerical examples
In this section, we provide some example to illustrate the effectiveness of our
results.
Example 4.1 Consider the following uncertain switched systems with switching
multiple interval time-varying delays









































, j = 1, ..., 3.
As an illustration, we choose α = 0.5, β = 0.5, μ = 1.1, α∗ = 0.4, ν = 0.2, εl,i = 1
for l = 1, 2, ...6, i = 1, 2, h1(t) = 0.1 + | sin t|, h2(t) = 0.1 + sin2 t, τ1(t) = 0.1 +





, r = 1, ..., 3. In this case, we can
take h1 = 0.1, h2 = 1.1, τ1 = 0.1, τ2 = 1.1. Then, by using the LMI control toolbox












































































By computation, we obtain we obtain T− ≥ 9T+. Given T+ = 1 then T− ≥ 9.





, t ∈ [−1.1, 0], the trajectories of
solutions of the switched system and the trajectories of solutions of subsystems 1
and 2 for this example are shown in figure 1-3.
5 Conclusion
In this paper, we study the problem of exponential stability for a class of
switched systems with switching multiple non-differentiable time-varying delays.
Comparing with some existing results in the literature, the novelty of our results
is twofold. Firstly, the state delay is time-varying in which the restriction on the
derivative of the time-delay function is not required to design switching rule for
the robust stability of the system and need not to use the free weighting matrix
variables. Secondly, the obtained conditions for the exponential stability are delay-
dependent and formulated in terms of the solution of standard LMIs which can be
solved by various available algorithms. Numerical example is given to illustrate the
effectiveness of the theoretical result.
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Figure 1: The trajectory of solution of subsystem i = 1.













Figure 2: The trajectory of solution of subsystem i = 2.
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Figure 3: The trajectory of solution of the switched systems.
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